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Abstract 

We give a simple direct proof (for the case of Hamiltonian circle actions with isolated 
fixed points) that Tolman and Weitsman's description of the kernel of the Kirwan map 
in 1^ (in other words the sum of those equivariant cohomology classes vanishing on one 
side of a collection of hyperplanes) is equivalent to the characterization of this kernel 
given by the residue theorem B . 



1 Introduction 

Let M be a symplectic manifold of dimension 2n equipped with the Hamiltonian action of a 
torus T. The T-equivariant cohomology of M is H^{M). This is a module over H^{pt). The 
moment map for the torus action is denoted by /i : M — s> t*. We denote by Mc the reduced 
space at a value c of the moment map: 

Me /i-^(c)/T. 

The Kirwan map is the map 
induced by the restriction map 

H*iM)^H^{^^-\c)). 
Provided c is a regular value of fi (which we shall assume) we have that H^{fi'^{c)) = 

*This material is based on work supported by grants from NSERC and the Alfred P. Sloan Foundation. 

MSG subject classification: 58F05 

^In this paper all cohomology groups are with complex coefficients. 
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Kirwan proved in ^ that the Kirwan map is surjective. Thus to find the cohomology 
ring of Mc it suffices to find the kernel K of k: 

H*{M^) = H^{M)/K. 

We denote by JF the set of components of the fixed point set of T. We define a distinguished 
subset Tj^ of T: in the case when T = S'^ it is simply 

jr^ = {F G J^lAi(F) > c}. 

In the case T = S*^ we also introduce 

J^_ = {F e J^HF) < c}. 

Because c is a regular value of fi, there are no F with fi{F) = 0. 
In H the following is proved: 



Theorem 1.1 Let r] e H^{M). Then 



FeT^ ^^^^ 

Here cp is the equivariant Euler class of the normal bundle to F, and Res is an iterated 
residue.0 In the case when T has rank one it is simply Resx=o where the variable X is the 
generator of H^{pt). 



Since k is a ring homomorphism, we have from Theorem pTT 
Corollary 1.2 

Kir^HC)m= E Resf^'jlF]. (1.1) 
Assuming c is a regular value of /i, Mc has at worst orbifold singularities and so satisfies 



Poincare duality. Thus according to Theorem LI, an element rj G H^{M) is in K if and 
only if 



E Resf^l 



[F] = 



for all C e iJ^(M). 

In Tolman and Weitsman give an alternative characterization of the kernel K: 
Theorem 1.3 The kernel K of the Kirwan map is the sum 

set 

where is the set of cohomology classes vanishing on all components F of the fixed point 
set for which (/i(-F) — c, ^) > 0. 

^For more details see Section 8 of see also |7) and 
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In the special case T = the Tolman-Weitsman theorem reads as follows: 

Corollary 1.4 Let T = S^. Then the kernel K of the Kirwan map is the sum 

K = K+®K_ 

where 

K± = {7]e H^{M) I r][F] = for all F E for which ± > c}. 

Tolman and Weitsman prove their theorem by establishing directly that X]g is the 
kernel of the Kirwan map k, and that all elements of this kernel take this form. 

In this paper we give a direct proof in the case T = S*^ that the classes satisfying the 



condition that the residue on the right hand side of ( |l.lj ) is zero are contained in the Tolman- 
Weitsman kernel ®£_K^. The reverse inclusion is clear from the definition of the residue: if a 
class Tj G H^{M) satisfies tjIf = for F E J-'+, then clearly 

= fl.2) 




for all ( G H^{M). Similarly if rj satisfies ?7|ir = for all F G JF_ then the residue in ([L2 



is equal to zero. Thus we have shown that the description of the kernel of the Kirwan map 
given by the residue theorem is equivalent to the description given by Tolman and Weitsman. 
We expect that our methods could be enlarged to treat the case of general torus actions. 



2 Results from Morse theory 

We begin by stating a number of fundamental results related to equivariant Morse theory 
and the Thom-Gysin map. These results are found in the work of Atiyah and Bott and 
Kirwan p|]: the formulation we present appears in the work of Goldin [Q. We introduce a 
partial ordering < on the components of the critical set of a Morse function /: denote these 
components by Fi. The ordering is given by the value of the Morse function /: in other 
words i > j if and only if f{Fi) > f{Fj). 

In our situation the most important Morse function / is — /i^, where /i is the moment 
map and = (n,^) is the component of the moment map in the direction ^ for nonzero 
values ^ G t. This is an equivariantly perfect Morse function (as proved by Atiyah-Bott and 
Kirwan [0, |). 

We denote by Ind(F) the Morse index, in other words the number of negative eigenvalues 
of the Hessian of / on the critical set F. 

In this paper we assume for simplicity that all components F of the critical set of / are 
isolated (so / is a Morse function rather than a Morse-Bott function). 

Theorem 2.1 Suppose rj G H^{M) restricts to on all Fi for which i < j. Then rjlp. is 
some multiple of e (^jFj), the equivariant Euler class of the negative normal bundle of Fj. 
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Remark 2.2 An important consequence of Theorem \2.1\ is that if rj restricts to on all Fi 
with i < j then either ri\p. = or the degree of rj is greater than or equal to the degree of 
e{u-{F.j)). 

Definition 2.3 We say that an equivariant cohomology class ( G Hgi{M) is supported on 
a subset S of the critical set of f z/ C|g = for all G in the critical set for which G ^ S. 

Definition 2.4 Let F he a component of the critical set of f . The equivariant stable manifold 
of F under f is the set of points x & M for which there is a trajectory which converges to F 
under the flow of — grad(/). 

Definition 2.5 Let F be as in Definition The equivariant extended stable manifold 

of F under f is the set of points a; G M which have a sequence of trajectories of the flow 
of — grad(/) (passing through a number of components Fi, . . . ,Fi of the critical set of f) 
starting at x and converging finally to F. 

Definition 2.6 Let F be as in Definition \2.J\ . The unstable manifold and equivariant ex- 
tended unstable manifold of F are specified as in Definitions \2.J\ and^^ but using the gradient 
flow o/grad(/) rather than that o/— grad(/). 

Theorem 2.7 Suppose F is a connected component of the critical set of a Morse function 
f . Then there is a class Q;~(F) with the following properties: 

1. a~{F)\G = if G is a component of the critical set of f which is not in the equivariant 
extended stable manifold of F 

2. a^{F)\F = e{vjF) where e{vj F) is the equivariant Euler class of the negative normal 
bundle (defined by f) of F. Thus the degree of a^{F) is \\id(F). 

In the same way there is a class a^{F) such that 

1. a^{F)\G = if G is a component of the critical set of f which is not in the equivariant 
extended unstable manifold of F 

2. a^{F')\p = e{h'j'F) where e(z/jF) is the equivariant Euler class of the positive normal 
bundle ( defined by f) of F 

The degree of a^{F) is 2n — Ind(F). 
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3 The case 

We now assume that the torus T is the circle group , and also that the fixed points of the 
action of T are isolated. Suppose we are forming the reduced space at a regular value c of 
the moment map. The purpose of this paper is to give a direct proof of the following result. 

Theorem 3.1 Let r] G H^{M) satisfy the hypothesis that 

Y: Resx=o [i^] = 

for all C e H:^{M). Then rieK+® K_. 



Proof of Theorem |3.1| : Let r] G Hgi{M), in other words d is the degree of rj. 



Lemma 3.2 We can write 

V = V+ + V- (3-3) 

where 

V-= E cpX^^a-iF) (3.4) 

FG^_,Ind(F)<d 

while 

V+= E cpX"-a"(F) (3.5) 

F£T+,Ind{F)<d 

and 

2nF = d-lnd{F). (3.6) 

Here, the cj? G C are constants. 

Proof: This is straightforward. We simply have to identify the coefficients of the restrictions 
to components F of the fixed point set. We find that we can adjust the coefficients in such 
a way that both sides have the same restriction to all components of the fixed point set, 
which by Kirwan's injectivity theorem P] (as well as Remark p.2|) guarantees that the two 
are equal in equivariant cohomology. 

We define the constants cp by induction using a~{F)\F = eiyj F). Adding cpX'^^a'^F) 
will alter only the values of the restrictions to those elements G ^ T for which /i(G') > f^{F). 

□ 

Lemma 3.3 We have that 

V+ G K_. 

Proof: For F G J-'+, <y^{F) is supported on JF^ (since if G is a component of JF for which 
a{F)\G 7^ 0, G is in the equivariant extended stable manifold of F so /i(G) > yu(-F)). □ 
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Lemma 3.4 We may add terms 
for F G J^+, in such a way that 



restricts to zero on G for all G G for which Ind(G) < d. Here, np is as in (3.t ). 



Proof: We choose the coefficients bp hj induction on the value of fi{F)), ffist choosing bp 
for the lowest value of niF) for F G J^^. This will alter only the value of the restrictions to 
those G for which fi{G) > fi{F). This process can be used to make the values of rj^{G) = 
for all G for which fi{G) > c and Ind(G') < d. □ 

As described in the proof of Lemma ^l3| , for G G J-'+, a~{G) is supported on JF_|_. So we 
have the following corollary: 

Corollary 3.5 Suppose G G J-'+. Then we see that a-{G) G K_ and thus 

Re..., E = (3.7) 



for any class ( G H^{M). Therefore also 



(3.8) 



since the sum of residues for F G JF_ is equal to minus the sum of residues for F G .7-"+ for 
any element of H^{M). Because 



E 



«4G')|gCIg 



is a smooth function of X (by the localization theorem in equivariant cohomology it 
does not have any residue at X = 0, so l \3. Tlj implies ( ^.Sj ). 



Lemma 3.6 Write 

V-\f = apX^I'^ 

for some ap E C. If ri^\p = for all F G J-'+ for which Ind(F) < d, then also ri_\p = for 
all F G J-'+. In other words rj^ G Kj^. 



Remark 3.7 The hypothesis of Lemma 15*. 6t can be achieved because of Lemma 
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Proof of Lemma |3.6| : 

By Corollary Ol we may assume 



T3 V-\g C\g 
Resx=o V = 

for all classes (. We put a partial order on the elements F G J-'+ according to the values of 
li{F), as described above. We choose 

C = X'^-a+lF) (3.9) 

for 

2n - Ind(F) +d < 2n - 2 (3.10) 
and an appropriate nonnegative integer mp (in other words 

Ind(F)>d + 2: (3.11) 

this hypothesis is needed in order to obtain terms with nonzero residue in the sum). We 
choose nip so that deg(Cr7) = 2n — 2, in other words 

2mi. + 2 + c/ = Ind(F). (3.12) 

We allow C to be determined by ( |3.9| ) and ( p. 121 ) for all F for which Ind(F) > d + 2. Notice 
that because the fixed point set consists of isolated points, Kirwan's injectivity theorem 
implies that all t] G H^{M) have even degree. Hence there are no components F for which 
vIf^O and Ind(F) = d+l (using (gJ^). 

For all G eJ^+we define bdF) G C by 

a+{F)\G = bG{F)X''-^''"'^^^/^l (3.13) 
Note that bciG) 7^ since a+(G)\G = e^(G) 7^ 0. We also write 

ep\p = eFX'' (3.14) 
for some nonzero ep E C. We define G C by 

r].\G = aGX''/^. (3.15) 



The equation 

Resx.o E ^^^^ = 
then becomes (combining (^, {^J^, and (pj^j )) 



E ^^iM^ = 0. (3.16) 
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For the value of F for which ii{F) is maximal, the equation ( |3.16D is simply 



E - = 0, (3.17) 

since in this case the class a^{F) has degree zero and is represented in the Cartan model by 
a constant in C, so the bciF) all take the same value. 

Notice that bciF) = if G is not in the equivariant extended unstable manifold of n for F 
(for example, if /i(G) > Ai(-F) then hc^F) = 0). Thus hc^F) ^ only for G in the equivariant 
extended unstable manifold of F. By Lemma |3.4| , we can also assume that = whenever 
Ind(G) < d. Also if Ind(G) = d + 1 then = since Ind(G') must be odd so rj\G = (by 



■ 12|). Thus the residue formula implies that (|3.16|) holds for all F for which Ind(F) > d + 2 



By ( p.lO| ) and ( p.ll| ), we see that (|3.16|) becomes the equation 



E ^-£Mn = (3.18) 

GeJ^+, Ind(G)>d+2 

which is valid whenever Ind(-F) > d + 2. 

To deduce from this that = for all G G we think of ( ^.l(j| ) as a matrix equation 



involving an N x N matrix B (where is the number of elements F G J-'-^- with Ind(-F) > 
d + 2): the matrix is 

Bfg = bciF) 

for all F and G with Ind(F) > d + 2 and Ind(G') > d + 2. (Here the F index the rows and 
G index the columns of the matrix.) We wish to solve (|3.16|) for the vector (ai, . . . ,aN)- 
We note that bciF) = if fi{G) > fi{F) or fi{G) = fi{F) and G is not in the equivariant 
extended unstable manifold of F. Thus the matrix B is upper triangular; furthermore its 
entries on the diagonal are nonzero. Thus the matrix is invertible, so the only solution to 
the equations (|3.16|) is = for all G. This completes the proof of Lemma |3]^. □ 



Proof of Theorem |3.1j : We now have completed the proof of the Theorem, since we have 
shown that i] can be written 

r] = T]^ +r]^ 

where it is possible to find rj- G and //+ G K_. □ 



References 

[1] M.F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces, Phil. Trans. 
Roy. Soc. Lond. A308 (1982) 523-615. 

[2] M.F. Atiyah and R. Bott, The moment map and equivariant cohomology. Topology 23 
(1984) 1-28. 

[3] N. Berline and M. Vergne, Zeros d'un champ de vecteurs et classes caracteristiques 
equivariantes, Duke Math. J. 50 (1983) 539-549. 



8 



[4] R. Goldin, An effective algorithm for the cohomology ring of symplectic reductions, 
preprint |niath.SG/0lT0022| (2001); GAFA, to appear. 

[5] V. Guillemin and J. Kalkman, The Jeffrey-Kirwan locahzation theorem and residue 
operations in equivariant cohomology. J. Reine Angew. Math. 470 (1996), 123-142. 

[6] L. Jeffrey and F. Kirwan, Localization for nonabelian group actions. Topology 34 (1995) 
291-327. 

[7] L. Jeffrey and F. Kirwan, Localization and the quantization conjecture. Topology 36 
(1997), 647-693. 

[8] F. Kirwan, Cohomology of Quotients in Symplectic and Algebraic Geometry, Princeton 
University Press, 1984. 

[9] S. Tolman and J. Weitsman, The cohomology ring of abelian symplectic quotients, 
preprint |math.Da/9807T7^. 



9 



